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Abstract. Theutility of a Kalmanfilter (KF) for initialization of an intermediate
nonlinearcoupledmodelfor El Niño – SouthernOscillationpredictionis studied
via an approximationof thenonlinearcoupledmodelby a systemof seasonally
dependentlinearmodels.The low-dimensionalnatureof suchanapproximation
allows oneto determinea sequenceof “perfect” initial statesthatstarta trajectory
segmentbestfitting the observed data. Defining theseperfectinitial conditions
as“true” statesof themodel,we computea priori parametersof theKF andtest
its ability to producean estimateof the “truth” superiorto the lesstheoretically
soundestimates.We find that in this applicationsucha KF doesnot producean
estimateoutperforminga pureobservationalprojectionasan initial conditionfor
thecoupledmodelforecast.Theviolationof standardKF assumptionsontemporal
whitenessof observationalerrorsandsystemnoiseis identifiedasthereasonfor
this failure.

1. Intr oduction

Thefirst coupledocean-atmospherenumericalmodelap-
plied to El Niño – SouthernOscillation(ENSO)prediction
wasthemodelby ZebiakandCane[1987](ZC model).This
modelis ananomalymodelwith regardto climatologyspec-
ified from 1970-1985observations.Predictionsof ENSOon
an experimentalbasisbegan in 1985 [Caneet al., 1986],
providing forecastsfor up to 1 year or more. The ocean
componentwasinitialized by forcing with analyzedsurface
wind data(FloridaStateUniversity (FSU) winds) [Golden-
berg andO’Brien, 1981],while the initial conditionsof the
atmosphericcomponentwereobtainedasa responseto the
oceanmodelfields. Blumenthal[1991] useda reducedset
of variablesto build a linearautoregressive(Markov) model
from the outputof a free run of the ZC model. The linear
modelwasusedto studythefastestgrowing disturbancesin
the tropical Pacific that limit the modelpredictability. An-
otherimportantfindingwasthatthesedisturbancesgrow dif-
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ferently dependingon the startingseason,with maximum
growth for Februarystarts. On the basisof this work, Xue
et al. [1994] createda linear Markov model from a suite
of 3-yearforecastrunsof theZC modelfrom monthlystarts
within theinterval (1972-1991).Whenthis linearmodelwas
appliedto ENSOprediction,it demonstratedequalor bet-
ter skill thanthe ZC model,especiallyfor short-termfore-
casts.It showedvariationof predictabilitywith startingsea-
sonsimilar to thatshown by Blumenthal[1991].

In recentyearsthe forecastskill of the ZC model has
beenimprovedby applyingmoresophisticatedinitialization
methods. Chenet al. [1995,1997]assimilatedFSU wind
datausing a nudgingtechnique. In a later work, Chenet
al. [1998] addedto thepreviousmethodtheassimilationof
subsurfacedata.Thesedatahavebeenobtainedfrom theas-
similation of tide gaugedatainto the oceancomponentof
the ZC model via a reduced-spaceKalman filter [Caneet
al., 1996]. The assimilationof analyzedoceanfields made
little differencein the predictionskill for the entireperiod
startingfrom 1970. However, the predictionskills for the
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period1992-1997,wheretheoriginal initialization [Chenet
al., 1995] with FSU winds was producingincorrect fore-
casts,were greatly improved. Chenet al. [2000] applied
an internal statisticalcorrectionto the ZC model in order
to reduceits systematicbiases.Thecorrectionswerecalcu-
latedusingavailabledatafrom the period1972-1985,and
thenvalidatedontheperiod1986-1999.TheZC modelwith
this internalcorrection(LDEO4) hasan improved forecast
skill andmore realistic internalvariability, particularly for
thewind stressanomalies.

Otherauthorshave appliedsimplified modelsfor ENSO
predictionaswell. Grahamet al. [1987a,1987b]applieda
canonicalcorrelationanalysisfor predictionof seasurface
temperaturefrom sealevel pressureandwinds in the trop-
ical Pacific. Following this researchpath, other statistical
models[BarnstonandRopelewski, 1992;Latif et al., 1994;
Penlandand Magorian, 1993; Penlandand Sardeshmukh,
1995;Jiang et al., 1995;Johnsonet al., 2000]have shown
useful predictionskill. Becausethe statisticalmodelsare
constructedfrom theavailabledata,andtherecordsarenot
very long, the model’s constructionmay be affectedby ar-
tificial skill. This is a seriousproblemthatall thesestudies
have tried to overcome.

Following previouswork by Blumenthal[1991] andXue
etal. [1994,1997a,1997b], webuild a linearMarkov autore-
gressivemodelfrom amultivariatesetof dataobtainedfrom
a free100-yearrun of thelatestversionof theLamontcou-
pled ocean-atmospherepredictionmodel,LDEO4 [Chenet
al., 2000]. Becauseit is basedon a freecoupledmodelrun,
the linearmodelis expectedto have no artificial skill when
usedfor ENSOprediction.Wewill usethismodelto explore
dataassimilationtechniqueswith thegoalof findingasetof
initial conditionsthatprovidesthebestENSOpredictions.

Thelow-dimensionalnatureof ourmodelallowsusto de-
terminevia an inversecalculationa setof initial conditions
which givesthe bestpossiblepredictionfor 6 months. We
thentreatthissetasif it representedthetruestateof thesys-
temandcomputedirectly all statisticalparametersrequired
by the Kalmanfilter. We thenattemptto usethis perfectly
tunedprocedurefor estimationof the initial statesfor the
modelforecasts.We discover that theresultsdo not outper-
form a direct initialization from theobservations.We iden-
tify the violation of standardassumptionsof Kalmanfilter
asthereasonfor thatandinfer thenecessityto usethestate-
dependenterrormodels.We expectthis problemto bequite
generalin applicationsof standarddataassimilationschemes
for initializationof imperfectmodels.

The paperis organizedas follows. Section2 describes
theapproachusedfor thelinearmodelconstruction.A num-
berof sensitivity testsarepresentedin section3, wherethe
mainfeaturesandparametersof thelinearmodelthatleadto

thebestforecastskills aredetermined.Section4 studiesthe
forecastperformanceof thelinearmodelfor aninitialization
derived from observationsandcontrastsit with the perfor-
manceof the“best” initial conditionsthatarefoundwith the
knowledgeof the target forecast. Section5 evaluateshow
closeonecan get to thesebestinitial conditionsusingse-
quentialassimilationtechniquesliketheKalmanfilter. Final
discussionandconclusionsarepresentedin section6.

2. Linear Mark ov Model

Chenetal. [2000]haveshown thataddinganinternalsta-
tistical bias correctionto the Zebiak-Canecoupledocean-
atmospheremodelcanhelphold it in statescloserto obser-
vations. A detaileddescriptionof the Zebiak-Canemodel
andits variableshasbeengivenby ZebiakandCane[1987].
Thecoupledmodel

�
canbedefinedvia astatevectorrepre-

sentation� with a transitionfrom themonth � to themonth����� : �
	����� ��� ��	���� (1)

Thecoupledmodelstatespaceis similar to thatusedby Xue
et al. [1997a],which containsvariablesfrom boththeocean
andatmosphericcomponentsof the model. In our casethe
statevectorcontains13 differentvariablesandhasa dimen-
sionof ������� � �!�#"%$ :& � (2)�('*)�+-,.+0/1+-,325456578+9/:2;456578+-<9<0=->@?%+9<-<�=A>@BC+0D5E3+0D5F*+�GIHJ+-KLH*+-M3+-N �O�
The oceanicvariablesare representedby the amplitudeof
theequatorialKelvin wave

'*)
, theRossbycomponentof the

upperlayerdepth
,
, theRossbymodezonalvelocity

/
, and

the boundarycomponents
,P2;456Q7

and
/L254;6Q7

of the last two
variables.Themeridionalcomponentis not includedin the
statespacebecauseit is a diagnosticvariablein this model
[seeCaneand Patton, 1984]. The seasurfacetemperature
anomalies(SSTA) arerepresentedby two variables:

<9<0=-> ?
is

thedynamicalmodelSSTA, and
<-<�=A> B

is thebias-corrected
SSTA that is usedinternally in LDEO4 to force the atmo-
sphericmodel. The atmosphericcomponentis represented
by thetwo componentsof thesurfacewind anomaly

G H
andK:H

, the wind convergenceanomaly
M
, andthe atmospheric

heatinganomaly
N
. Although the two componentsof the

wind stressanomaly
D5E

and
D;F

arediagnosticvariables,they
areincludedin thestatevectorin orderto make theconnec-
tion of themodelstatewith theobservedwind stressesmore
straightforward.

Thecalculationof thelinearseasonalMarkov modelfol-
lowsBlumenthal[1991] andXueet al. [1994]. Bothstudies
useamonthlyindependentbasis(MIB), thatis,asinglemul-
tivariateempiricalorthogonalfunction(MEOF)basiscalcu-
latedfrom thesetof dataencompassingall seasons.Output
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fieldsfrom the100-yearrunhavebeenstoredin thematrix R
which hasdimensions�S�T� , � beingthedimensionof the
statevectorand � =1200the numberof monthly time steps
in thedata.Eachvariablehasbeennormalizedwith respect
to its total variancebefore the MEOF decompositionwas
performed.In thespirit of the work by Xueet al. [1997a],
thenormalizedatmosphericmodelvariables(

GIH
,
KLH

,
M
, andN

) andtheoceanboundaryvariables(
,P2;456Q7

and
/L2545657

) are
down-weightedby afactorof 10,while therestof themodel
variablesare left unchanged.The basisis calculatedfrom
thematrix R : RU�UV &XW � (3)

Columnsof V are the MEOFs of the data,columnsof
&

areprincipal components(PCs),andsuperscriptY denotes
matrix transposition. Columnsof V are orthogonal,and
columnsof

&
areorthonormalin this notation. For further

developmentwe truncateexpansion(3) to thefirst Z terms.
Blumenthal[1991]calculatedseasonaltransitionsandfound
thattheseasonalmodelfits theZC modelbetterthana non-
seasonalone. As in the work by Xue et al. [1994], we
separatethe PCsinto monthly blocks,in orderto calculate
monthly transitionmatrices[]\ for eachof the 12 calendar
months: ^

\ �1 ��[ \
^
\ �`_ \ � (4)

Here
^
\ is a subsetof rows in

&
which correspondto the

month a , and _ \ is theerrorin themodelfit. Xueetal. [1994]
calculatedthelinearMarkov modelfrom

[ \ �cb ^ \ ��
^ W\
d b ^ \

^ W\
d�e  + (5)

whereanglebracketsdenotetimeaveraging.

Blumenthal[1991]usedasmalldiagonaltaperin thecal-
culationof thelinearMarkov modelto avoid theinfluenceof
numericalsingularity in the autocovariancematrix (the de-
nominatorof equation(5)). He interpretedthe taper f as
thecovariancematrix of theuncertaintyin theEOFs.When
taperingis applied,equation(5) becomes

[ \ �cb ^ \ ��
^ W\
d b ^ \
^ W\ �gf

d�e  � (6)

Blumenthal[1991] showed that the taper reducesthe

growth of theerror in theinitial conditionsby filtering low-
energy modes. The useof the taperresultsin a more di-
agonallydominanttransitionmatrix but increasesthe rate
of decayin the linearmodel. Xueet al. [1994] constructed
the linear modelwithout the useof the taper. They found
thatwhenthelinearmodelis initializedwith theprojections
of the observed SSTAs on the MEOFs, the useof projec-
tions on the modeswith numbershigher than 1 resultsin
degradedpredictions. (The first MEOF is a characteristic
ENSO patternwhich can be initialized from the observed

datain anunambiguousway; thepatternswith highernum-
bersreceive erraticinitialization becauseof a large portion
of observedSSTA variability which is notbeingrepresented
by the model.) We obtaineda similar resultwhenno taper
wasappliedin thecalculationof the transitionmatrices.In
thatcasethelow-energy modesshow very fasterrorgrowth.

3. Sensitivity Testsand Parametersfor the
Mark ov Model

We first definethe projectionof observationaldataonto
the reducedspacespannedby the basis V . Theselow-
dimensionalrepresentationsof the observed systemstates
will be usedas the baselineinitial conditionsand as the
verification dataset for the forecastexperimentswith dif-
ferentversionsof the Markov model. In orderto choosea
modelwith thebestforecastskill, wesubjectdifferentmodel
versionsto the following tests:Usingobservationalprojec-
tionsasinitial conditions,wecomparepredictionsof NINO3
(SSTA areaaveragefor (5

?
S–5
?
N, 90

?
-150

?
W)) of up to a

year aheadwith the observed values. Comparisonresults
arepresentedin termsof correlationcoefficientsandRMS
differencesseparatelyfor initial conditionsfrom 1972-1985,
whichwastheLDEO4trainingperiod,andfrom 1986-1999,
theLDEO4 validationperiod[Chenet al., 2000].

We introducea vector � ? which containsthe follow-
ing data: (1) zonalandmeridionalcomponentsof thewind
stressfrom FloridaStateUniversity(FSU)[Goldenberg and
O’Brien, 1981];(2) SSTA from theClimatePredictionCen-
ter of the National Centersfor EnvironmentalPrediction
(NCEP);and(3) analyzedoceanmodelfieldsobtainedfrom
the assimilationof tide gaugesinto the Cane-Pattonmodel
[CaneandPatton, 1984]usinga reducedspaceKalmanfil-
ter [Caneet al., 1996]. Thesefields areinterpolatedto the
samegrid as their model counterparts.The vector of ob-
servationscanbe connectedto the full statevectorusinga
samplingmatrix h (asubmatrixof theidentitymatrixwhich
includesonly rowscorrespondingto thevariableswhich are
observed): ��i��Uhj�k� (7)

The estimateof the projectionof � ? onto the reduced
spacewill follow theprojectionmethoddescribedbyKaplan
et al. [1997], with anobservationalerrorcovariancematrix
equalto the identity asin the work by Smithet al. [1996].
Theprojectionthencanbewrittenas^

i 2;l � � V W h W hjVm� e  V W h W �
? � (8)

We have analyzedthe utility of defining the basis V as
monthlydependentor independent.For themonthly-depen-
dentcase(monthly-dependentbasis,MDB) adifferentbasis
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Figure1. CorrelationsandRMSerrorfor forecastedNINO3
index for the 1972-1985and1986-1999periods. Different
symbolsrepresentforecastskill for linearMarkov modelsof
differentdimensions.

is calculatedfor everycalendarmonth.In thiscasetheauto-
covariancein (6) is diagonal,andsois its inverse.Thetran-
sition matrix is morediagonallydominant,but if the range
betweenits largestandsmallesteigenvaluesis too large it
hasthesameproblemsastheMIB whena taperis not used.
SincetheMDB-basedmodelsdid not show betterskill than
thosewith theMIB, for convenienceandsimplicitywechose
theMIB-basedmodelsfor furtheruse.

We experimentwith differentvaluesof thediagonalele-
mentsof thetaperingmatrix f in (6). Sensitivity testswere
carriedout, and the bestforecastingperformancewas ob-
tainedfor valuesbelow 1% of the maximumeigenvalueof
theautocovariancematrix. This valuewassmallerthanthe
leading11 eigenvaluesfor all seasonalautocovariances.

For statisticalmodelsconstructedfrom observations,the
forecastskills increasewith the numberof leadingMEOFs
includedin the model state,if the model is initialized us-
ing the samedatathat wereusedfor its construction.Be-
causeweconstructourstatisticalmodelfrom a freecoupled
model run andevaluateits forecastingskill from observa-
tions,thisbehavior is notexpected.Moreover, thetaperacts
like a truncationof thesingularvaluesof thetransitionma-
trices,suppressinggrowth of the modesthatdo not show a
strongpresencein themodelrun. Figure1 showsthepredic-
tion skill for linearMarkov modelsof differentdimensions,
when theprojectionof theobservations (8) is usedfor the
initialization. The model dimensionat which the forecast
skill becomesinvariantdependson thevalueof thetaper. If

Table 1. TotalNormalizedVarianceof EachModel
Variableandits PercentageAccountedfor by six

MultivariateEmpiricalOrthogonalFunctions

Variable TotalNormalizedVariance % of Variance
'*)

1.00 97,
1.00 87/
1.00 76,P2;456Q7
1.00 87/:2;456Q7
1.00 73<9<0=-> ?
1.00 93<9<0=-> B
1.00 93D E
1.00 81D F
1.00 84G H
0.01 88K H
0.01 94M
0.01 94N
0.01 92

fn�o" , the forecastskill getsworsewithout showing any
convergenceasthedimensionincreases.For thevalueof the
taperwe use,the forecastskill is improvedup to themodel
dimensionof 5 and6; thenit worsensslightly andbecomes
almostunchangingfor dimensionshigherthan10 or 12.

On the basisof this analysiswe choosefor further use
the linear Markov modelof dimension6 with an MIB and
a taperbelow 1% of the largesteigenvalue of the sample
covariance.We referto this modelastheLDEO4-MK6.

Table1 shows how muchof the variancefor eachinde-
pendentvariableis accountedfor by six MEOFs. The per-
centageof thevariancethatis accountedfor is lessthan80%
only for thevariablesassociatedwith theRossbymodezonal
velocity.

4. Applications of the Linear Mark ov Model

4.1. ForecastPerformance

To study the forecastperformanceof the LDEO4-MK6
modelweusetwo differentsetsof initial conditions:(1) the
LDEO4standardinitial conditionsasin thework by Chenet
al. [2000],whichusesthefull insertionof FSUwind stresses
into themodeltogetherwith thenudgingof theoceanfields
analyzedby themethodof Caneet al. [1996]; and(2) pro-
jection of observations

^
i 2;l definedby (8). Figure2 com-

paresthe performanceof the full LDEO4 modelwith that
of the LDEO4-MK6 initialized with the projection of the
standardLDEO4 initial conditionsandwith the projection
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Figure2. SameasFigure1, but for two LDEO4-MK6 fore-
casts(initialized by observations(INI-obs) and initialized
by theLDEO4initial conditions(INI-ldeo4ini))andthestan-
dardLDEO4 forecast(full LDEO4).

of observations. As could be expected,the full modelcor-
relationsarehigher thanthosefor the linear model for the
full modeltrainingperiod(1972-1985),thoughtheRMSer-
ror is smalleronly after6 months.For thevalidationperiod
(1986-1999)thelinearmodelforecastsarebetterthanthose
of the full model. For both periodsthe differencesarenot
very large.Notethatthefull LDEO4modelpredictstheam-
plitudeof the1997-1998eventbetterthantheLDEO4-MK6
model,althoughit overestimatessmallevents(Figure3).

To assessthe linear model’s decay, we carriedout the
following test. For the period1972-1999,we computethe
meanandstandarddeviation of the six MEOF amplitudes
representingtheprojectionof theobservationsandcompare
themwith the sameparametersfor eachforecastleadtime
(ouranalysissamplehasanonzeromeanasit comesfrom a
perioddifferentfrom theclimatologicalone). To provide a
standardof comparison,we analyzedthe time evolution by
the LDEO4-MK6 of an ensembleof a normallydistributed
randomfield with the sameinitial meanandstandarddevi-
ation asour sampleof observationalprojections. The first
MEOF amplitudedecayssubstantially, losingabouthalf of
its standarddeviation in 12 months,while theotherfiveam-
plitudes experienceonly small decay. Only the first two
meanamplitudesshow a significantchange,andit is small
comparedto the valuesof their respective standarddevia-
tions. The decayof the first modeaffectssignificantly the
predictionof theNINO3 index, becauseit representsadom-
inant contribution to this index. On the basisof the decay
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Figure3. Time seriesof observed(thin lines)andpredicted
(thick lines) NINO3 for leadtimesof 6 (left) and9 (right)
months.Shown arepredictionsfor the full LDEO4 andfor
the LDEO4-MK6 initialized with the standardLDEO4 ini-
tial conditions(INI LDEO4)or with observations(INI obs).

found in this experiment,it is possibleto correct the first
elementof the statevectorby multiplying it by a constant
factor after eachpropagation(the correctedmodel is not
the bestfit to the free coupledmodel run as the LDEO4-
MK6 is). The useof this correctionimprovesthe predic-
tion of largeevents(especially1997-1998)without generat-
ing any unrealevents. The amplitudesof the correctedlin-
earmodelpredictionsarestill smallerthan thosefrom the
full LDEO4 model,but theunreallargeeventspredictedby
thefull LDEO4 modelin 1977-1978and1991-1992arenot
presentin eitherof the linearmodelpredictions(Figure4).
Overall,neitherthecorrelationcoefficientnortheRMSerror
changessignificantlywith thecorrection,andweproceedto
usetheuncorrectedversionof theLDEO4-MK6 for therest
of ourstudy.

4.2. InverseSolution for the “Best” Initial Conditions

As Figures2-4 demonstrate,a linear Markov modelini-
tializedwith eitherstandardLDEO4or observedinitial con-
ditions can producea reasonablygood forecastup to lead
times of 6 months(correlationcoefficient 0.8, and 0.7

?
C

RMS). After 6 monthsthepredictionskill degradesquickly
(correlationcoefficientof 0.6andaRMSerrorof about0.85
after 9 months). Is it possibleto find a set of initial con-
ditions which yields a goodforecastfor longerleadtimes?
To answerthis question,we definea setof initial conditions
of the model trajectorybestfitted to the observationsfor a
givenlengthof time in a leastsquaressense.

Thesetof initial conditionswearetrying to estimatewill
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Figure4. Timeseriesof observedandpredictedNINO3 for
a9-monthlead.Shown arepredictionsfor theLDEO4-MK6
model initialized with the projectionof observations(INI-
obs)andthesamewith an internalcorrectionfor thedecay
of thefirst component(INI-obs+cor).

beobtainedby minimizing thefunctional

pjq ^Pr �
Bs
\ut�v
� ^ \i 25lxw [zyQ{ \

^ � W � ^ \i 25lxw [|yQ{ \
^ � (9)

with respectto
^
, where [ yQ{ \ is the transitionmatrix from

month � to month aO��� calculatedrecursively:

[ yQ{ v �U}k~ [ yQ{ \ ��[ \ [ yQ{ \ e  + ax�c� + � + �;�5��� (10)

Here � is the numberof monthsin the segmentfor which
the trajectoryis fitted to the observations. The initial con-
ditions

^3� 4
obtainedasa minimizerof

p
(we will call them

the“inversesolution”)show betterpredictionskills thanany
of the other two setspresentedabove, and in the senseof
the cost function (9) its skill is asgoodasit gets. At lead
timesup to � the correlationof the forecastswith the ob-
servationsis very closeto thatof theinitial conditions.The
RMSerroris slightly largeratmonth � thanatmonth0 due
to thedecayof the linearmodelandothermodelimperfec-
tions (Figure5). Note that this methodis not a forecasting
proceduresincein orderto issuea forecaststartingatmonth� observationsup to month ����� areneeded.However, it
givesusanideal initial stateto reachfor.

Time seriesof six initial conditionsfrom the 6-month
trajectorybestfit ( ����� ) and from the observationsare
shown in Figure6. Thedifferencesamongthecomponents
of
^ � 4

and
^
i 2;l aresmall,andthecorrelationbetweenthese

two statesis very high exceptfor the third andfourth com-
ponents.The studyof the 6-monthpropagator[ y�{ � shows
that the 6-monthpredictionof the first component(the one
thatmainly representstheNINO3 index) is influencedvery
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Figure5. SameasFigure1, but for theLDEO4-MK6 model
initialized with theinversesolutionfor a 6-monthoptimiza-
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solution (Xin6) and the projectionof observations(Xobs).
Squaredcorrelationcoefficientsareshown in the lower left
cornerof thepanels.
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stronglyby thethird or fourth componentin the initial con-
ditions dependingon whetherthe startingmonth is in the
summer-fall or in the winter-spring. The first and second
componentscontributesignificantlyfor all startingmonths.

5. Can the Optimal Solution BeObtained
From the SequentialAssimilation?

Theinversesolutionfor theinitial conditionsthatwecal-
culatedin theprevioussectionmakesuseof theobservations
upto leadtime � , andthereforecannotbeconsideredafore-
castfor time � . Our goalhereis to usea sequentialassim-
ilation techniquein anattemptto find aninitial statefor the
actualforecastwhichwouldbecloseto theinverseone.That
is, theinitial conditionswill beestimatedfrom observations
up to andincluding the initialization time, but not from the
futureobservations.We will usetheinversesolution

^ 	� 4 for
startingmonth � asif it wereatruestateof thesystemwithin
theperiodof availabledata.

Theobservedvector̂ i 2;l is relatedto thetruestateby the
measurementequation:^ 	i 2;l �

^ 	� 4 ��� 	i 25l
+

(11)

where
^ 	i 25l is the projectionof the observationsto the re-

ducedspacedeterminedby (8), � 	i 25l representstheobserva-
tional error, or the differencebetweenthe “true” (6-month
inversesolution

^ � 4
) andobserved states,and � hereis the

time index. We write thepropagationequationas^ 	� 4 ��[ \ ^ 	 e � 4 �`� 	� i 6
+

(12)

wheresuperscripta indicatestheseasoncorrespondingto the
time � w � and � � i 6 is the model error in a single-month
transition,oftencalled“the systemnoise”. Notethat in this
equationwe usethesameLDEO4-MK6 modeloperator[ \
asbefore,even thoughthe inverse“true” statesare in fact
governedby morecomplicated(notAR(1)) dynamics.

Sincefor thetime interval 1972-1999we know
^ 	i 2;l and^ 	� 4 , we canuseequations(11) and(12) to computeactual

realizationsof error sequences� 	i 25l and � 	� i 6 . We then
usethesesequencesto computeerror covariances(averag-
ing hereis doneseparatelyfor eachcalendarmonth,dueto
themodelseasonality):

� \ � b�� \� i 6 � \
W� i 6
d +

(13)� \ � b�� \i 25l � \
W
i 2;l
d + a1�c� + � + �;�5� + �#���

At thisstagewehaveall thenecessaryelementsfor build-
ing a sequentialassimilationschemebasedon the Kalman
filter in orderto estimatethetruestateof thesystem.At ev-
ery time step,the systemerror covarianceandthe Kalman
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Figure7. Evolutionof thetheoretical������5� (dark)andactual����-� � (light) Kalmanfilter error variancefor the amplitudes
of the(left) first and(right) secondmodes.Thenonweighted
casesareshown with solid lines,andtheweightedcasesare
shown with dashedlines.Topplotsarefor initializationwith^3� 4

, andbottomplotsarefor
^
i 25l .

gainmatrix canbecalculatedusing:
� 	� � [ \ � 	 e H [ \ W � � \ + (14)� 	 � � 	� � � 	� � � \ � e  + (15)� 	H � � } w � 	 � � 	� + (16)

wheresubscripts� and
'

denoteKalmanfilter forecastand
analysisrespectively, and

�
is theKalmangainmatrix (see

Caneet al. [1996] andKaplanet al. [1997] for the formal-
ism; in thepresentcasetheobservationalmap h��c} ). In-
dex a heredenotesthe seasoncorrespondingto the month� w � . TheKalmanfilter correctionscanbewrittenas^ 	 H � ^ 	 � � � 	 � ^ 	i 25l w

^ 	 � ��� (17)

We perform 12-month-longKalman filter assimilation
runsstartingfrom everymonthin 1972-1999,andweexper-
iment with two initialization schemesfor the assimilation
runs: (1) we start from the “truth”

^ � 4
and assumeinitial

error
� ��" , or (2) we startfrom theobservationalprojec-

tion
^
i 25l and assumethe initial error

� � �
. Sincethe

valuesof
^ � 4

areknown at all months,we cancomparethe
actualerrorvariancein a Kalmanfilter analysiswith its the-
oreticalestimate( ��� >%� q � H r ). Figure7 presentsthe12-month
evolution of thesevaluesfor theamplitudesof the first two
components(the comparisonis presentedas a function of
time elapsedsincethe beginning of a Kalmanfilter run, in
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first and(right) secondmodes.The nonweightedcasesare
shown with solid lines, and the weightedcasesareshown
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averagesover the entiresampleof runs). The actualerror����-� � grows muchfasterandtoward a larger valuethan the
estimatederror ������5� ; that is, thefilter significantlyunderes-
timatedthesystemerror. In thecasewhenthefilter is initial-
ized with the observeddata,the theoreticalerror decreases
with time, while the actualerror increases.However, the
end-of-periodvaluesfor actualandtheoreticalerror do not
dependon theinitialization. Thesamebehavior is observed
for amplitudesof othercomponents.

This discrepancy betweentheoreticaland actual error

growth canbe partially tracedto the nonwhitenessof � � i 6
in time. Figure8 shows errorevolution with no dataassim-
ilation (a forecast).Theactualerror ����9� � growsmuchfaster
thanthetheoreticallyestimatedone ������5� , for bothinitializa-
tion cases.Equation(14) correctlydescribesthe error evo-
lution with

�
definedby (14) only if � � i 6 is uncorrelated

for differenttimes. In fact,this is not thecase,asis demon-
stratedby Figure9, in which the temporalautocorrelations
of � \� i 6 and � \i 25l ( a��o� + � +9� ) areshown. Note the precise
matchbetweenthe actualandtheoreticalerror for 1-month
lagin thetoptwo panelsof Figure8: It is guaranteedby (14).
In orderto obtaina betterfit to theerrorin thenonassimila-
tion run, we attemptto increasethesystemnoisematrix

�
.

We multiply
�

from both sidesby the diagonalweighting
matrix ��� ��� >%� q � + � + ���¢¡ + � + �@�¢¡ + � r 9£ � chosento force the
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Figure 9. Temporalautocorrelationof the first threecom-
ponentsof the (top) observational � i 25l and(bottom)model� � i 6 errors.
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theoreticalvaluesto approximatetheactualones.

This increasein Q resultsin abetter, thoughstill far from
perfectagreementbetweenthe theoreticalandactualerrors
(Figure8). Useof increasedQ in assimilationresultsin a
reductionof the actualerror andan increasein its theoreti-
cal estimate,althoughthegapbetweenthetwo is still quite
large(Figure7). Figure10showsthevariationin timeof the
actualandestimatederrorvariancesof theamplitudeof the
first componentafter1 and6 monthsof assimilationfor the
two initialization caseswith increasedmatrix

�
. While the
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Figure 11. Sameas Figure 1, but for the LDEO4-MK6
modelforecastinitialized with threedifferentsetsof initial
conditions:projectionof observations(Xobs),6-monthfore-
castfrom the inversesolution(Xfor(t+6)), andthe Kalman
filter analysis(Xkf).

theoreticallyestimatederror exhibits a stableannualcycle,
theactualerrorhasperiodsof very largeandverysmallval-
ues.Althougherrorsat1 monthareverydifferentfor thetwo
initializations,they arequitesimilar after6 months,indicat-
ing that in bothcasestheKalmanfilter providesalmostthe
samesolutionat 6 months(it “forgets”aninitial condition).
Figure11 comparesthe forecastskill of a modelinitialized
by theendstateof a6-monthKF run,

^ 	�� �H , with thosewhich
utilize theinformationlesscompletely:theprojectionof ob-
servationsat time ���U� , ^ 	�� �i 2;l (correspondingto a Kalman
gain

� �U} ), andthe6-monthmodelforecastfrom
^ 	� 4 (cor-

respondingto aKalmangain
� ��" if thefilter is initialized

by
^ 	� 4 ). The predictionfrom the Kalmanfilter statelies in

betweentheothertwo. Its skill is marginally worsethanthe
initialization from observations.It clearlydoesnot improve
on observationsalone.

Figure12 shows for December1997(thepeakof the El
Niño of 1997-1998)the SSTA and wind stressanomalies
from observations,the part of the observationsthat is pro-
jectedontothethereducedspace,andthe9-monthforecast
initialized by observations. The linear model initialized by
observationscan predict the peakof the event reasonably
well at least9 monthsin advance,althoughtheamplitudeof
theeventis significantlyunderestimated(cf. Figure3).
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Figure12. Seasurfacetemperatureandwind stressanomaly
fields in December1997 from observations, the part of
the observations that is projectedonto the 6-dimensional
LDEO4-MK6 modelspace,andthe9-monthLDEO4-MK6
forecastinitializedwith theprojectionof observations.

6. Discussionand Conclusions

A linear Markov model hasbeenconstructedfrom the
outputof a 100-yearrunof theZebiak-Canecoupledocean-
atmospheremodelwith aninternalbiascorrection(LDEO4)
[Chenet al., 2000]. The modelvariability canbe success-
fully representedby a smallnumberof MEOFs. It hasbeen
found that the reducedstateof dimension6 andthe linear
modelcreatedon theassociatedamplitudespresentthebest
predictionskills when initialized with observations(or the
standardLDEO4 initial conditions).

The reducedspaceapproachallows us to find an initial
statewhichbestfits amodeltrajectorysegmentto theobser-
vations.By construction,such“inverse”solutionsshow ex-
cellentpredictionskills. Of course,sinceoneneedsto know
theobservationsfrom thefutureto calculatetheinversesolu-
tion, thismethodcannotbeusedfor truepredictions.It does
provideuswith asetof “perfect” (in thesenseof predictions
with this model) initial conditionsuseful for predictability
andinitializationstudies.

A sequentialdataassimilationmethod(Kalmanfilter) has
beenconstructedin an attemptto calculatea model state
which approximatesthe inversesolution using only past
data. Although all the errorsare known a priori (for the
1972-1999period)thesolutionprovidedby theKalmanfil-
ter is notablyinferior to theoptimalone.In fact,it doesnot
even outperformthe one initialized purely from the latest
observationaldata,thatis, theonewhich usesno dynamical
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Figure 13. Singularvaluesof the theoreticalKalmangain� ���;� (dashed),andthebestfit Kalmangain
�k¤ � (solid). Su-

perscripts“in” and“o” denotethecasesinitialized with
^ � 4

and
^
i 2;l , respectively.

informationfrom themodel.

We identified the nonwhitenessof the modelerror asa
problem. This problemcanbe only partially correctedby
thesimpleinflating of thesystemnoisecovariance

�
which

we usein this work.

Hereweattemptto find out if weareatall ableto setupa
sequentialdataassimilationsystemwhich linearlycombines
modelforecastswith observationsfor resultssuperiortoboth
sources.Sincewe want

^ 	 H to bethesameas
^ 	� 4 , we obtain

from (17) thatan“ideal” Kalmangainshouldsatisfy

w � 	 � � � 	 � � 	i 2;l w � 	 � �
+

(18)

where� 	 � � ^ 	 � w ^ 	� 4 is theforecasterror. Becausetheactual
time seriesof the errorsareavailable,we candetermine

�
(assumingit time-independent)byalinearbestfit procedure:

� ¤ � �cb��¥	� � �¦	 � w �¥	i 25l �
W d b � �¥	 � w �¥	i 2;l �

� �¥	 � w �¥	i 25l �
W d e  (19)

(anglebracketsagaindenoteaveragingover time � ). If fore-
castandobservationalerrorsareuncorrelated( b�� � + � i 25l d �" ), then expression(19) becomesa familiar formula for
Kalmangain:

� ���;� � (20)

b§� � � W � d � b§� � � W � d �Ub§� i 25l � Wi 2;l
d � e  � � � � � � � e  �

NotethatthetheoreticalKalmangainhasall its singularval-
uesbetween0 and1.

We analyzeKalmanfilter correctionsfor two typesof 1-
monthpredictions: from the inversesolution(“truth”) and
from observations. Figure13 shows all six singularvalues
of matrices

� ���5� and
� ¤ � obtainedfrom thesetwo initial-

izations. While singularvaluesof
� ¤ � do not exceed1 by

muchfor the forecastfrom the inversesolution,the singu-
lar valuesof

� ¤ � are considerablylarger than 1 when the
forecastis donefrom observations.Since

� ¤ � hassingular
valueslargerthan1 it cannotbeproducedtheoreticallywith
any settingsof the Kalmanfilter for our model of the dy-
namicalsystem:Theclosestpossibleapproximationwould
be
� �U} , which correspondsto replacingtheforecastwith

observationsat every time step. We tried to usethe bestfit
Kalmangainto correcttheinitial conditionsfor predictions.
Theforecastskill obtainedis not a significantimprovement
over thatfrom theobservations(notshown).

Thereasonfor thelargedifferencebetween
� ¤ � and

� ���5�
is a correlationbetween� i 25l and � � . It is causedby the
correlationbetween� i 25l and � � i 6 (samplecorrelationsare
positivefor all components:0.68,0.72,0.66,0.68,0.38,and
0.56).Thiscorrelation(aswell asaserialcorrelationin these
errors,seeFigure9) occursbecausethesystemis gettingin
and out of regimes,and the autoregressive model can not
capturethis behavior correctly (cf. Figure10). While the
residualsof the original fit of the LDEO4-MK6 to the free
100-yearrun of thecoupledmodelshow someautocorrela-
tion, they do not reachthevaluesandtemporalextentof the
correlationsin Figure9. However, whenour definition of
“truth” usesthe6-monthpredictiveperformanceof this im-
perfectmodel asa term of reference,the imperfectionsof
themodelgettranslatedinto a commoncontribution toward
errorsof both types( � i 2;l and � � i 6 ) andcausetheir cross-
correlationandautocorrelation.

The sameproblemaffectsthe ¨1� test for innovationsin
ourKalmanfilter runs.Figure14presentsthestatistics

© � �0�ª�cb � ^ 	i 25l�w
^ 	 � � W � � 	� � � � e  � ^ 	i 25l�w

^ 	 � � d (21)

asafunctionof timesincethebeginningof theKalmanfilter
run,averagedover theentiresetof 12-month-longassimila-
tion runs. UnderstandardKalmanfilter assumptions,

©
is

an averageof individual ¨�� variableswith six degreesof
freedomeach,so its expectedvalueis equalto 6. Sample
elementsthat are averagedin the right-handside of equa-
tion (21) displaythe1-monthlaggedautocorrelationof 0.7.
An effectivesamplesizeusedfor computingquantilesof the
theoreticaldistribution for

©
wasreducedaccordingly. The

valuesof
©

closestto its expectedmeanare producedby
the runswhere

�
wasnot scaledup, particularly for their

months7-12. However, even thesevaluesfall betweenthe
lower 10%and1% quantilesof the theoreticaldistribution.
Empiricalvaluesof

©
aresignificantlysmallerthantheirthe-

oreticalexpectation,becausethecorrelationbetweenobser-
vationalandmodelerror makesinnovations

^
i 25l w

^ � too
smallcomparedto their theoreticalcovariance

� � � � . This
discrepancy increaseswhen

�
is scaledup in orderto com-

pensatefor theserialcorrelationin themodelerror, because
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of the Kalmanfilter run. Shown areaveragesfor the entire
sampleof runsfor thecasesof thenonweighted(thick lines)
andweighted(thin lines)systemnoisecovariancematrix

�
.

Initializations with
^:� 4

and
^
i 25l are shown as dashedand

solid lines,respectively. Thetop boundaryof theplot is the
expectedtheoreticalmeanfor

©
(6.00). Dottedhorizontal

linesshow lower10%,5%,and1% quantilesof thetheoret-
ical distribution (5.41,5.26,and4.96,respectively).

increasein
�

resultsin larger covariances
� � andsmaller

innovations.

Our attemptsto accountfor serial correlationsin errors
via statespaceextension[e.g.,Gelb, 1974;Cañizares, 1999]
have not resultedin appreciableimprovementsfor the pre-
diction [Cañizaresetal., 2000].Spaceextensionamountsto
theuseof higher-orderautoregressivemodelsfor theerrors,
while in the currentapplicationthe errorsseemto require
state-dependentmodeling.

We demonstratedthat the actual model and observa-
tional errorsdeviatefrom textbookerrorassumptionsin the
Kalmanfilter (whitenoiseprocess,uncorrelatederrors,etc.)
to suchanextentthattheKalmanfilter doesnot outperform
pureobservationalprojection. When the Kalmanfilter as-
sumptionof white noiseprocessesfor thesystemnoiseand
the observationalerror areviolated,errorsmustbe defined
with morefaithful modelsin orderto enablesequentialdata
assimilationalgorithmsto find initial statesfor betterpredic-
tion.
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